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Abstract:

The study explores the existence of one and only one one solution for delay
quadratic integral equation of the Volterra-Stieltjes type. Special cases include
the delay quadratic integral equation and the Chandrasekhar integral equation
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1. Introduction

Quadratic integral equations are prevalent in numerous real-world applictions.
For instance, problems in radioactive transfer, neutron transport and the kinetic
theory of gases often lead to such equations (see references[1-5]).

In particular, the existence of solutions for integral equations of the Volterra-
Stieltjes type has been thoroughly studied by J. banas™([6-12]).

Consider the delay quadratic integral equation of VVolterra-Stieltjes type

x(t) =p(t) + fotp(t)gl (t, s,x(w(s))) dk,(t,s) folgz (t, s,x(w(s))) dk,(t,s), tel =
[0,1]. (1)

This work focuses on examining the existence of solutions to equation (1)
within the class of continuous functions. Furthermore, the dependence of the
unique solution on the functions k4, k, and ¢ will be analyzed.

As an application, the delay Volterra quadratic integral equations of
Chandrasekhar type [1]

x(®) = a®) + [POLky(t,s)|x(s)|ds. fy ==k (8,9 x(s)|ds, )

0 t+s

245



Jgﬁ‘ Ee|) ’ 0

e L L R e A S ke A
ﬁuu ISSN:3079-2444

will be given as example.

2 Existence of at least one solution

Now, equation (1) will be investigated under the assumptions

(i) @(®):[0,1] - [0,1] is continuous and increasing such that ¢(¢) < t.
(i1) @ : Is continuous.

(ili) a € c[o,1].

(iv) gi:[0,1] x [0,1] x R — R are continuous and there exist the functions m; and
two positive constants b; such that

|gi(t,S,X)| < mi(t,s) + bilxl
Where m;:[0,1] x [0,1] - R, iS continuous and

M = sup{m;(t,s):t,s €[0,1],i =1,2}.
t
Moreover, we put b = max{b;, i =1,2}.
3

(v) (1) The function k, is continuous on A, where
A={(t,s):0<s<t<1}
(2) The function k,:[0,1] x R - R iS continuous with
n = max{sup{|k,(t,1)|: t € [0,1]}, sup{|k(t,0)|: t € [0,1]}}.
(vi) (1) For each e > o there exists & > o for all ¢;,t, € 1such that¢, < ¢, and

t, — t, < & the following inequality holds:

ty

\/ kit ) ~ Ky (e, 9)] < e

0

(2) For all t,,t, €1 such that ¢, < t, the function s — k,(t;,s) — ky(ty,s) IS
nondecreasing on [0, 1].

(vii) (1) k.(t,0) =0 forany t € [0,1].
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(2) k,(0,5) = 0 forany s € [0,1].

(viii) The function s - g4(t,s) is of bounded variation on [o,¢] for each fixed t
I

(iX) 2(M + br)Wub < 1
(x) There exists a positive root r of the algebraic equation
(p + M*Wu) + b*r*Wp + (MbWp — Dr = 0.

Remark 1. The function z - v$_, g4 (t,s) IS continuous on [o,¢] for fixed ¢t e 1 [7].

Lemma 1. For an arbitrary fixed o < ¢, < rand for any « > o, there existsés > 0
such that ife, € I, t; < t,and ¢, — t, < sthen [7].
(%]

\/ kl(tz,S) <6é.

s=tq
Lemma 2. [7] The functiont - vi_, g1(¢,s) is continuous on 1. Then there exists
a finite positive constant w such that

t
W = sup {\/ ki(t s):te I}.
s=0

Remark 2. The function s - k,(t, s) is nondecreasing on the interval [0, 1]. In fact
for s, s, € [0,1], with s, < s,, from assumptions (vi) and (vii), we obtain

ka(t,s3) — kz(t,51) = [ka(t,s2) — k2(0,52)] — [kz(t,s1) — k2(0,51)] = 0.

Lemma 3. [7] Assume that the function g, satisfies assumption (vii). Then for
arbitrary s,,s, €1, such that s, <s,, the function t- k,(ts;)—k,(t,s;) IS
nondecreasing on the interval 1.

In fact, take for t,,t, € [0, 1], with ¢, < t,. Then, by assumption (vii), we get

[k2(t2,52) — ky(t2,51)] — [ka(t1,52) — ka(ty,51)] =
[k2(ts, 52) — ka(t1,52)] — [ka(tz, 51) — ka(ty,81) = 0.

For the existence of at least one solution of the quadratic integral equation (1),
we have the following theorem.

Theorem 1. Let assumptions (i) — (viii) be satisfied, then the functional integral
equation (1) has at least one continuous solution x e c[o, 1].
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Proof. Define the operator
o) 1
Ax(t) = p(t) + fo g1 (t, s,x(w(s))) dgkq(t, s)f0 g2 (t, s,x(w(s))) d.k,(t,s).
Define the @ by @ = {x € c[0,1]: |x| < r},where r is a positive solution of the
algebraic equation (a + (m + br)uw =r).
14x(O) = [p@®) + [ 91 (.5 %(0(5))) dsks (&.9) [, g2 (£.5,2((9))) dska (£,5)]

<p+ fo(p(t) |gl (t, s,x(w(s))) d.k,(t,s) . f01 |g2 (t, s,x(w(s)))

dSkZ (t, S)

<p+ [2Omy(t,5) + bylx)ds(Vio ka (t,2)) [Lmyt,s) +
b1 x1)d (Vi ka (, 2))

<p+ M+ blixl) [7© dyky (8,5). (M + bl|x])) [ sk, (t, 5)

<Sp+ M+ br)supVi_ok(t,s). (M + br)(k,(t,1) — k,(t,0))
tel

<p+(M+br)’Wu=r.

Hence, 4x € @ which proves that the operator F maps @ into itself and the class
of functions {4Ax} is uniformly bounded in @.
Let x € @ and define

9(8) = :élQ[:ﬂg, (tz,s, x(w(s))) - g; (tl,s, x(w(s)))| it t, € [0,1], ;< ty,
|t2 - tll < 6,5 € I,l = 1,2},
then from the uniform continuity the function g;:[0,1]x[0,1]xQ - R and
assumption (iv), we deduce that 9(6) - 0, as 6 — 0 independently on x € .

Now, to prove the operator A maps c[o,1] into itself, let ¢,¢, € [0, 1], such that
It, — t;] < &, then we have

|Ax(t,) — Ax(ty)] =
[p(t2) + 72 g1 (tz,5,x(0(s)) ) dsks (£2,5) f; 92 (t2,5,2(a0(5))) dyky (£, 5)

—p(ty) + f0¢(t1)91 (t1: s, x(w(s))) dskq(ty,s) fol 92 (t1:5» x(w(s))) dsk,(tq,s)

< [p(t2) — p(ty)|
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+ 2 g1 (2.5, 2(0(5)) ) dsks (23,5 fy g2 (25, 2(w(s))) dykz (£2,5)
2 gy (t5,2(0(5)) ) dsky (t1,5) [y g2 (t2.5,2(0(5))) dskz (£, 5)
8 g1 (t1,5,2(w0(5)) ) dekes (£1,5) [y 92 (2,5, x(0(5))) doka (£, )

— [ g1 (tr,5,2(0())) doks (1, 5) [y g2 (t1,5x(w(s))) dska(ty, 5))|

< Ip(t2) — p(t1)]

+ |f01 92 (tz,s,x(w(s))) dsk;(ty, s) [f0¢(t2)g1 (tz's» x(w(s))) dskq(t2,s)
- fo¢(t1) 91 (t1:5, x(w(s))) dskq(t, S)] + fo(p(tl) 91 (tl' s,x(w(s))) dskq(ty,5)
+ [fol 92 (tz:SJ x(w(s))) dsk;(tz,s) — fol 92 (t1» s,x(w(s))) dskz(tps)”

< |p(tz) —p(t)| +
|f0 92 (tz s, x(w(s))) dk; (¢, 5)[ (p(tl)éh (tz,s,x(w(s))) dskq(t;,s)

+ 20D gy (tz,5,2(@(9))) dsks (t2,9) = [T g1 (12,5, 2(@())) diks 2,9)]
+ 70 gy (1,5, 2(0())) doka(1,9) [y 92 (2.5, 2(a0(5))) dyky (22, 5)

— Iy 82 (2.5, x(0(5))) dska(t1,5) + fy g2 (t2. 5, x(@(5))) dska(ty, 5)

= Iy 92 (ty.5,x(0(s)) ) doky (ty, s)”

< Ip(tz) — p(ty)]

(tz, S, x(w(s))) dk, (tz, s) [fo(p(tl) 9, (tz, S, x(w(s))) d.k, (tz, s)

+hpie 91 (tz 5 x(0(9)) deka (t2,9) = [T 91 (t05,2(0(5)) ) deks (81,5)
+ 7 g1 (ta 5, 2(0(9))) doky (81, 5) = [T 91 (25, 2(0())) doks (81, 5)]
+ 17 g, (15 2((5)) ) doky (21,5

o 92 (tz 5, 2(0(9))) dslka(tz,5) — Kz (t1,5)]
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+Jy |92 (t2 5. 2(0(9))) - g2 (t1,5, x((5)) )| dekez (t1,5) |

< Ip(t2) — P |fy £2 (tz 5, 2((5)) dega(te, ) [[ 5.2 f1 (t2, 5, x(@(5))) ds g, (£, 9)

+ 17 f1 (t2 5, 2(0(5)) ) dilg1(t2,5) — g1(t1,5)]
+Hy V1 (25, 2(0(9))) = F1 (115, 2(0()) )1 dsga(t1,9)]

+ f0¢(t1) 9, (t1' s, x(w(s))) dgk,(ty,s)

[l 92 (25, 2(w())) ds ez (t2,5) — ez (21,9)]

+Jy |92 (t2 5. 2(0())) - g2 (t1,5, x(w(5)) )| dekez(t1,9)]|
< [p(t;) - p(t)) + (M + br) (g, (t,, 1) — g,(t,, 0)]]

: [(M + br) Vzgiggl(tz,s) + (M + br)N(e) + 9(e) s:;})(Vﬁ(tl)gl(tl, s))]

+(M -+ br) sup (V' g, (£1,9) [(M + br) Vi_o[g, (2, $) — g, (t1,5)]

+9(€)(g2(t1, 1) — g2(t41,0)],

where
t1

N(e) = sup \/(91('52:3) - 91(t1,5))5 ti,t €Lt <t t; -t < w
s=0

the above inequality means that Ax: c[o,1] - c[0,1].
Then 4q is compact.

Now we prove that the operator 4 is continuous.
Let{x,} c Q, and {x,,} = x,Q < R then

o)

1
Axy(t) = p(t) +J0 91(1‘,S,xn(w(S)))dsh(t,S)fo 92(t,5, x5 (w(5)))dsky (8, 5)

o) 1
tim A, () = p(©) + lim | 10,5 x (@b 65) | 9200550 (00(5))deka(,5).
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Applying Lebesgue dominated convergence theorem [14], then

=p® + [ g1(t.5 lim x,(0())dsk1 (£,5) [y g2 (8,5, lim x, (0()))dsks (¢, 5)

o)

1
=p(t) +J;) g1(t, s, x0(w(s)))dsks (t, S)L 92(t, 5, x0(w(5)))dska(t,5) = Axo(t)

which means that the operator 4 is continuous.

Since all conditions of Schauder fixed point theorem [14] (see also [2, 3, 6, 13])
are satisfied, the operator 4 has at least one fixed point x € @, and the integral
equation (1) has at least one solution x € c[o0,1]. This completes the proof.

3 Uniqueness of the solution

This section deals with the uniqueness of the solution of the functional integral
equation (1), we replace the assumption (iv) by
(iv)* g.[0,1]1x[0,1] xR - R,i=1,2 are continuous and satisfy the Lipschitz
condition

191(t,5,2) —g1(t, s, )| < belx—yl, xy€EQ,

lg2(t,s,x) — g2(t,s,y)| < blx—y|, x,y€EQ

and b = max{b4, b,}.

From assumption (iv)* we have consecutively

191(t,5, x(@())] — 191(£,5,0)] < |91 (t.5,x(0(5))) — 91t 5,0)| < b,
191(t,5, x(@(s))] < blx| +|g1(t,5,0)].
Hence,

lg1(t, s, x(w(s)))| < b|x| + M, M =sup{g,(t,s0): t,se[0,1], i=1,2}
t

Similarly,
192(t,5, x(0())| < blx| + M.

For the uniqueness of the solution of the functional integral equation (1) we
have following theorem.
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Theorem 2. Let assumptions (i)-(ii)-(iii)-(iv)*-(v)-(vi)-(vii)-(viii)-(x)-(ix) be
satisfied, if 2(Mm + br)wub < 1, then the solution x e c[0,1] of the functional
equation (1) is unique.

Proof. Let x;, x, be two solutions of the integral equation (1), then

|Axy — Axy| = [Ax(t) — Ax,(t)]

=p@® + [7¥ g1 (t.5, 21 ((5)) dsks (&:5) [ 92 (t:5,21(0(5))) dska (8, 5)

—p®) = [ g1 (6.5, x2(0())) dsks(t,5) [y 92 (£:5,%2(0(5))) delea (8, 5)|

=17 g1 (65,21 (0(5)) ) dsks(,5) Jy g2 (£ 5,21(0(5))) dske(t,5)
— 9 g1 (t5,22(0(9))) dsks (£:5) [y g2 (£.5, 22 (w(5)) ) dska (8, 5)|
=12 g1 (t.5, 21 (0(5)) ) dsks(t,5) [y g2 (t.5,21(0(s))) dske(t,5)
— 19 g1 (t.5,202(0())) dsks(t,5) [y g2 (t.5, 22 ((5))) dsks (2, 5)
+129 g, (t.5,21((5))) dsks (£,5) [y g2 (£5,22(0(s)) ) dska (2, 5)
— 89 g1 (t.5,202(0(9))) dsks (t,5) [y g2 (t.5, 22 (w(5))) dskea (2, 5)|
< |2 g1 (t.5, 21 (0())) dskes (2, 5)

Ll (g2 (&5,21(0(s))) - 92 (t.5,x (w(s)))) dykey (t,5)||

+ fol g2 (t' S, X2 (w(s))) dsk,(t,s)

[52O (g1 (85,11 (0()) - g1 (522 (0(5))) ) dsea (2, 5|

< (M+ br)Wub|x; — x| + (M + br)Wub|x; — x5|,

|Ax; — Axy| < 2(M + br)Wub||x; — x3||.

This proves that the map 4: c[o,1] - ¢[0,1] iS a contraction. Then by Banach
fixed point theorem the solution of the functional integral equation (1) is unique.
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4 Continuous dependence of the solution

To study the continuous dependence of the unique solution x € c[o,1] of the
functional integral equation (1) on the delay function and the functions k,, k.
4.1 Continuous dependence on the delay function ¢(t)

Defintionl. The solution of the functional integral equation (1), depends
continuously on the delay function ¢(t) if ve > 0,3 6 > 0, such that

lp®) —@*®)| <d=|x—x"[| <€

Theorem 3. Let the assumptions of Theorem 2 be satisfied. Then the solution
of the functional integral equation (1) depends continuously on the delay
function ¢(t).

Proof. Let s> 0 be given such that |¢(t) — @*(t)| < 8, Vit > 0, then

13}

1
() —x ()] = ‘p(t>+ |7 g1 (5 (o) dier(e) | g2 (1.5, 2(0()) deka(t,)

- p@®)+
0"’ (t)gl (t, s, x*(w(s))) d,kq(t,s) fol g2 (t, s, x*(w(s))) d,k,(t, s)|

< |f0"’“)gl (t, s,x(w(s))) doky(t,5) [y 92 (t, s, x(w(S))) dsky(t,s)
— 180 g1 (ts.x7(0(5))) dsks(t,5) fy 92 (5,5 (0(5))) doka(t, 5)
HEO g1 (652 (00))) deks (8:5) fy g2 (85, x(0(5))) dyka (2, 5)
— 18P g1 (ts.x7(0(5))) doks(t5) fy 92 (b5, 2(0(s))) dke(t,5)|
< [Jy 92 (t.5,2(w())) dsks (£, 5)

) [fo(p(t)gl (t, s,x(w(s))) dkq(t,s) —
1779 g1 (65,2 (0()) ) deka (£,9)]|

+ |f0‘p*(t)gl (t, s, x*(w(s))) d.kq(t,s)
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|x — x*[| <

. [fol g2 (t, s,x(w(s))) d.k,(t,s) — fol g2 (t, s, x* (w(s))) d.k,(t, s)”
< |folgz (t, s, x(w(s))) dsk,(t,s) [fo(p(t)gl (t, s, x(w(s))) dkq(t,s)

- fo(p(t)gl (t, s, x* (w(s))) d.k,(t,s) + fo(p(t)gl (t, s, x* (w(s))) d.k,(t,s)
— f:)*(t) 9, (t, s, x*(w(s))) d .k, (t, s)]
+ fo(p*(t)gl (t, s, x* (w(s))) dkq(t,s)

. [fol 92 (t, s,x(w(s))) dky(t,s) — fol 9 (t, s, x*(w(s))) dgk,(t, s)“

doky (t,5) [[7 blx(s) - x°(5)ldsks (8, 5)

< fol |gz (t, s, x(w(s)))

dyk (t,5))|

+ f‘;ﬂ((?) |gl (t, s, x*(w(s)))

dskq(t,s)[b|x(s) — x"(s)|dsk;(t,5)]

+ fo‘p*(t) |gl (t, S, x*(w(s)))

< (M + br)[ky(t, 1) — ky(t, 0)] {blx - x| sup (VoD ky(t,s))

+ (M + b)[ky (8, 0(2) — Ky (8.0 (2))1])

+ (M + br) sup (Vs"’;f)t) kq(t, s)) {blx — x*|(kz(t,1) — k(t,0))}
tel

< (M + br)u{bl|lx — x*||W + (M + br)[ ky(t, @(t)) — k1 (t, @*(D))]

+ (M + br)Wh||x — x*|| 1,

(M+b1)2p| k1 (to(®)—k1(t.9*(®)]
1-2(M+br)Wub '

Using the continuity of k,we have

then

lp(t) —@" ()] <6 = [lx —x"[| < €.
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_ M+ br)’pu[ k(69 (®) — ka8 0" ()] _ .
- 1—2(M + br)Wub e

This completes the proof.

4.2 Continuous dependence on the functions k4

Definition 2. The solution of the quadratic functional integral equation (1),
depends continuously on the functions k;(t,s), i =1,2if ve > 0,36 > 0, such
that

|ki(t,s) —ki(t,s)| <éd=|x—x"|| < e

Theorem 4. Let the assumptions of Theorem 2 be satisfied, then the solution
of the delay quadratic functional integral equation (1) depends continuously
on the functions k4, k.

Proof. Let s > 0 be given such that |k;(t,s) — k;(t,s)| < 8, vt > 0, then

(1)

1
x() — x'(£)] = ‘p(t)+ | g1 (65 x(w®)) dika.9) | g2 (£:5,x(0() dat 9

- p@®+
Olp(t) g1 (t, 5, X" (w(s))) d k;(t,s) fol g2 (t, s, x*(w(s))) dk;(t, s)l

< |52© g1 (t.5,2(0(9))) deks (t:9) fy g2 (6.5, 2(w(5)) dykz (2, 5)
— 129 g1 (6.5, x(0(9))) dsks (&.5) [} g2 (8.5, % (0(5))) dyk3 (¢ 5)
+ forp(t)gl (t’ s, x(w(s))) dky(t,s) fol g2 (t, s, x*(w(s))) dsk;(t,s)
_ [P0, (t5.5"(0()) dski(t.5) fy g2 (t.5, %" (0())) dsk3 (&, )|
< |[#® g, (t, s, x(w(s))) dskq(t,s)

5 g2 (5, 2(w0())) doka (8,5) = [ g2 (t.5, 2" ((5)) ) sk (2, 9)]|

+ fol g (t, s, x* (w(s))) d,k;(t,s)
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. [ o(p(t)g1 (t' 5 x(w(s))) dsky(t,s) = o(p(t)g1 (t' S x*(“’(s))) dski (2, s)”
< | foq)(t) g1 (t’ s, x(w(s))) dgky(t,s) [ fol g3 (t, s,x(w(s))) dsk,(t,s)

_ fol 92 (t, s,x(w(s))) d.k5(t,s) + fol g2 (t, s,x(w(s))) d k5 (t,s)

_ fol g, (t, s, x (w(s))) d,k; (¢, S)]

+1Jy 92 (t.5.% (0())) deki (&) [ 91 (& 5, 2(w(5))) deks (&, 5)

— 29 g1 (t.5,2(0(s)) ) dski(t5) + [T g1 (t.5, x(w(s))) dski (&, 5)
A (XEICIONERACH]|

< |17 91 (£.5,2(0(9))) dekr (&) [ 92 (£:5 %(@())) dslka(t, $) — K3 (&, 9)]
+ [} o (e5.x(0)) - g (655 (0()))] a9

+1fy 92 (5% (0(5))) Aok (£.5) [T g1 (£.5, x(0())) ds [k (& 5) — i (2, 5)]
+ 17 91 (65, x(0(9)) = 91 (&5, % (0())) dska £, 9)]|

< (M + br) sup (V20 ky(t,5)) {(M + br)|[kz (8, 1) — k3 (t, 1)]
tel
—[k2(t,0) — k3(t,0)]| + blx — x*[[k3(¢, 1) — k3(t,0)}
+(M + br)[ki(t, 1) — 1(t, DI{(M + br) [k (t, 9(8)) — ki (t, @(D))]
~[le1(6,0) — ki (&, @(8)) + bl — ' sup (VG ke 8,9))

< 2(M + br)?Wé + (M + br)Wub||x — x*|| + 2(M + br)?ué + (M + br)Whp||x —

lx — x*||[1 — 2Wub(M + br)] < 4(M + br)?8[W + pu]

4(M + br)?28[W + u]
[lx—x*| < =€
[1—2Wub(M + br)]
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This completes the proof.
5. Example

Let g;(t, s, x(w(s)) = ki(t,5)|x(s)| and let functions k; (¢, s) be given by

t+s
ki(t's):{tln =, t€(0,T]
0, t=0,
Then
dk;(t,s) = ds
t+s

and the assumptions (iv) — (vii) are satisfied (see [11]). Then our result can be
applied to the delay Volterra quadratic integral equation of Chandresekhar’s
type (2) and the unique solution of (2) depends continuous on the delay
functions ¢(¢).
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